Our purpose is to determine the complete set of mutually orthogonal squares of order d, which are not necessary Latin. In this article, we introduce the concept of supersquare of order d, which is defined with the help of its generating subgroup in
Introduction
The study of Latin squares is of great interest in different branches of mathematics, such as combinatorics, statistical experimental design, error correcting codes, graph theory. Numerous results on the mutually orthogonal Latin squares (MOLS) have been published over decades: their construction [4] , perfect Latin squares [12] , a generalized equivalence between the MOLS and affine planes [14] , partially orthogonal Latin squares [10] , mutually orthogonal frequency squares [9] , mutually orthogonal equitable Latin squares [2] , orthogonal arrays [11] , just to enumerate a few references in this field.
The research topic of MOLS has recently attracted attention in the young field of quantum information theory: the mean king's problem [8] , quantum error correction codes [1] , mutually unbiased bases [7] , [16] , [17] .
A possible way of constructing the set of mutually unbiased bases is by generating classes of unitary operators, whose eigenvectors represent these bases. In other words, one needs to determine d + 1 classes of d − 1 commuting operators. These special operators are called mutually unbiased operators [3] . Two operators commute if their associated elements v 1 = (x 1 , y 1 ) and v 2 = (x 2 , y 2 ) in F d ×F d satisfy tr(x 1 y 2 −x 2 y 1 ) = 0 [13] , [5] , [6] . The subgroup of d elements in F d × F d , whose any two elements satisfy the above condition is the so-called extraordinary subgroup. This subgroup is the key element for analyzing the problem of mutually unbiased bases since it generates the set of d − 1 commuting operators.
Our paper is organized as follows. In Sec. 2 we present the definition of a square of order d, which is based on the partition of F d × F d . Further, the concept of supersquare of order d is introduced in Sec. 3 and the method of obtaining the complete set of mutually orthogonal supersquares is given. The extraordinary supersquares are defined in Sec. 4.1. Sec. 4.2 presents the construction of all the complete sets of mutually orthogonal extraordinary supersquares of order 4. These sets consist in the so-called Type I and Type II. Examples of Type I and II complete sets of mutually orthogonal extraordinary supersquares of order 4 are given in Sec. 4.3 . The construction of the mutually extraordinary supersquares may have applications in the field of quantum information theory. Finally, we make some concluding remarks in Sec. 5. 
Preliminaries
where the cardinality of A j is d. To the elements of the subset A j in the square we assign the number j:
We show in Fig. 2 the definition of a Latin square of order 4 as a partition, where we have denoted by µ a primitive element of F 4 . The elements of F 4 are: {0, 1, µ, µ 2 }. 
The concept of a partition of a set is equivalent to that of an equivalence relation on that set. In the case of a square, the equivalence classes are A 1 , A 2 , ..., A d .
Consider two squares of order
we denote by N(a) the number ∈ {1, ..., d} associated to the element a in the square S, whileÑ(a) is the associated number in the second squarẽ S. According to the rule (1) we have: if a ∈ A k , then N(a) = k, while for a ∈ B m , we getÑ(a) = m. Definition 2.2. Two squares S andS are called orthogonal if
This is equivalent to the condition that all the pairs are distinct. We denote byv the equivalence class of v in the square S. The condition that the same number is assigned to both v and v 0 , i.e. N(v) = N(v 0 ), leads to the conclusion that the two elements belong to the same equivalence classv =v 0 . Further we denote byv the equivalence class of v in the second squareS. Then, the Definition 2.2 is equivalent to:
Two squares S andS are called orthogonal if
Remark 2.3. Definition 2.1 can be also given for arbitrary D, which is not necessary a power of a prime number. Let M be a set with D elements. A square of order D is a partition of M × M, being denoted as S = {A 1 , A 2 , ..., A D }. The cardinality of each A j is D.
Definition 2.2 is the same for arbitrary D, which is not necessary a power of a prime number. 
is the quotient set. The subsets A j are as follows: Proof. We denote by "ˆ" the cosets in S and by "ˆ" the cosets inS. "⇐" We have that A 1 ∩ B 1 = {0}. Let us start with the conditionsv =v 0 and v =v 0 . We obtain v − v 0 =0. Since we have that0 = A 1 , we obtain v − v 0 ∈ A 1 . The second condition is equivalent to v − v 0 ∈0 = B 1 . Therefore we obtain v − v 0 ∈ A 1 ∩ B 1 = {0}, i.e. v = v 0 . According to Eq. (2), the two squares are orthogonal.
"⇒" We know that the two squares are orthogonal. Suppose now that the intersection A 1 ∩ B 1 = {0}; it means that there exists z = 0 with z ∈ A 1 ∩ B 1 : z ∈ A 1 =0 or equivalentẑ =0; and z ∈ B 1 =0 or equivalentẑ =0.
Since the two squares are orthogonal, according to (2), we obtain that z = 0, which is not possible since we start with z = 0. 
where λ j ∈ F d are all distinct. Then, the supersquares which are generated by the d + 1 subgroups from ( (b) According to Proposition 3.3, in order to obtain m mutually orthogonal supersquares we need to construct their m generating subgroups, with the property that the only common element of any two such subgroups is zero. Each generating subgroup has d − 1 nonzero elements. Therefore, the total number of nonzero elements of the m generating subgroups is (d − 1) m. Since the total number of nonzero elements of
The existence of the d + 1 mutually orthogonal supersquares is shown in (a).
Corollary 3.6. F d × F d can be written as the union of d + 1 subgroups with d elements such that the intersection of any two of these subgroups is the element zero:
Note that here A (j) 1 are not necessary the subgroups of Eq. (3). According to Proposition 3.3 and Corollary 3.6, in order to obtain the complete set of d + 1 mutually orthogonal supersquares, it is sufficient to obtain the d + 1 generating subgroups A
1 such that the intersection of any two of these subgroups is the element zero. The d + 1 mutually orthogonal supersquares are:
, and E 1 be the generating subgroups of the five mutually orthogonal supersquares such that
The five mutually orthogonal supersquares are the following:
In order to construct the generating subgroups, one has to start with v 1 , v 2 ∈ F 4 ×F 4 such that {v 1 , v 2 } is a basis. If µ is a primitive element of F 4 , then one possible way of obtaining the generating subgroups is as follows:
, and
As an example we take v 1 = (1, 0) and v 2 = (0, 1) and obtain the complete set of mutually orthogonal supersquares shown in Fig. 4 . 
Extraordinary supersquares
In this section we introduce the concept of extraordinary supersquare of order d. This plays an important role in the field of quantum information theory, for example in the construction of mutually unbiased bases.
Definition of the extraordinary supersquares. Classification of the squares of order d
Let us consider v 1 = (x 1 , y 1 ) and
We denote by |v 1 v 2 | the following determinant:
For α ∈ F p n , the trace is given by tr α = α + α p + α p 2 + ... + α p n−1 . We denote by K the subgroup of F p n , whose elements have the trace equal to zero:
Definition 4.1. The subgroup G ∈ F p n × F p n is called extraordinary if for any two of its elements g 1 and g 2 ∈ G, one has |g 1 g 2 | ∈ K.
Type of square The importance of the extraordinary subgroup is explained briefly in the Introduction, where we emphasized that the condition tr(x 1 y 2 − x 2 y 1 ) = 0 is equivalent to the commutation of two operators, whose associated elements are (x 1 , y 1 ) and (x 2 , y 2 ) in
As a consequence, a supersquare is extraordinary if its generating subgroup is extraordinary. The classification of the squares of order d is shown in Table 1 .
Proposition 4.3. Let p be a prime number. Then any subgroup with p elements of F p × F p is extraordinary.
Proof. Let G be a subgroup of F p × F p , whose order is equal to p. Suppose g ∈ G with g = 0. Then ord(g) = p. We know that ord(g) divides the order of G: ord(g)|p. This leads to {0, 1g, 2g, ..., (p − 1)g} ⊆ G. This means that G = F p g, which is an extraordinary subgroup.
In the case of p prime, according to Proposition 4.3, one can easily be proven that the complete set of p + 1 mutually extraordinary supersquares have the form of Eq. , that represents systems with three particles of spin-1/2, we found four types of complete sets of mutually orthogonal ex-traordinary supersquares. The results for d = 8 or higher will be analyzed elsewhere. The extraordinary subgroups play a central role for obtaining the mutually unbiased bases, which are important tools for quantum tomography, quantum cryptography, or quantum error correction codes.
Lemma 4.4. Consider v 1 ∈ F 2 n × F 2 n with v 1 = 0. Let v 2 ∈ F 2 n × F 2 n such that {v 1 , v 2 } is a basis in F 2 n × F 2 n . With the notation δ := |v 1 v 2 |, we have the following:
(c) If x ∈ F 2 n , then ∃ a unique element w ∈ F 2 n v 2 such that |v 1 w| = x. This element is w = δ −1 x v 2 . Corollary 4.5. Consider a nonzero element v 1 ∈ F 2 n ×F 2 n and x ∈ F 2 n with x = 0. Then there isṽ 2 ∈ F 2 n × F 2 n such that |v 1ṽ2 | = x. Lemma 4.6. Let G ⊆ F 2 n × F 2 n be a subgroup (with G = 0). Then we have the following:
where K is given by (4) for p = 2. Proposition 4.7 below gives the most general expression of an extraordinary subgroup in F 4 × F 4 .
Proposition 4.7. Suppose that G ⊆ F 4 × F 4 is a subgroup which contains four elements. Let v be a nonzero element of G. Consider w ∈ F 4 × F 4 such that |v w| = 1 (there is such w according to Corollary 4.5). Then we have that G is extraordinary if and only if:
where µ is the primitive element of F 4 .
Proof. The proof of Proposition 4.7 is given in Appendix A. Lemma 4.8. Suppose that A 1 , B 1 , C 1 , D 1 , and E 1 are extraordinary subgroups, which contain four elements, such that F 4 ×F 4 = A 1 ∪B 1 ∪C 1 ∪D 1 ∪E 1 and X ∩Y = {0} for all X and Y two sets from A 1 , B 1 , C 1 , D 1 , E 1 with X = Y . Then, at least one of the five subgroups has the form F 4 u, with u ∈ F 4 × F 4 , u = 0.
Proof. The proof of Lemma 4.8 is given in Appendix B. According to Proposition 3.3 and Corollary 3.6, we have to write the whole space F 4 × F 4 as a union of five extraordinary subgroups, such that the intersection of any two of them is the element zero. Further we apply Lemma 4.8 in the following two theorems, i.e. we know that at least one of the five subgroups has the form F 4 u. Theorem 4.9 below says that if two of the extraordinary subgroups which construct the space F 4 × F 4 are of the form F 4 u, then also the other three subgroups must have the same structure F 4 w. Theorem 4.9. Suppose that A 1 , B 1 , C 1 , D 1 , and E 1 are extraordinary subgroups, which contain four elements, such that F 4 ×F 4 = A 1 ∪B 1 ∪C 1 ∪D 1 ∪E 1 and X ∩Y = {0} for all X and Y two sets from
or permuted. µ is a primitive element of F 4 . Proof. Since A 1 ∩ B 1 = {0}, we obtain that {v 1 , v 2 } is a basis in F 4 × F 4 . We denote the nonzero parameter δ := |v 1 v 2 |. Then, by using Lemma 4.4 (c), there exists u given by u = δ −1 v 2 , such that |v 1 u| = 1. It is obvious that u ∈ B 1 and that the subgroup B 1 can equivalently be written as B 1 = F 4 u.
Because {v 1 , v 2 } is a basis, one obtains that v 1 + µ u / ∈ A 1 ∪ B 1 . This means that v 1 + µ u belongs to one of the subgroups C 1 , D 1 , E 1 ; let us take v 1 + µ u ∈ C 1 . We have |v 1 + µ u u| = 1. We apply Proposition 4.7, where v is replaced by v 1 + µ u and w by u. Therefore C 1 = F 4 (v 1 + µ u) according to (i) or
according to (ii), where λ ∈ {0, µ}. Let us assume that equality (6) is true. If λ = 0, then u ∈ C 1 , which is false since u ∈ B 1 and u = 0 (
. This means that the equality (6) is false. Therefore we have C 1 = F 4 (v 1 + µ u).
Because {v 1 , v 2 } is a basis, one easily notice that v 1 + µ 2 u / ∈ A 1 ∪ B 1 ∪ C 1 . This means that v 1 + µ 2 u belongs to one of the subgroups D 1 , E 1 ; let us take v 1 + µ 2 u ∈ D 1 . We have |v 1 + µ 2 u u| = 1. We apply Proposition 4.7 and we obtain D 1 = F 4 (v 1 + µ 2 u) (analogously as above). Now, we prove that
Suppose that there is β ∈ {1, µ, µ 2 } and X a subgroup from A 1 , B 1 , C 1 , or D 1 such that β(v 1 +u) ∈ X. This leads to the fact that v 1 +u ∈ β −1 X = X. We already proved that v 1 + α u / ∈ A 1 , B 1 for any α ∈ {1, µ, µ 2 }. We need to prove that v 1 + u / ∈ C 1 ∪ D 1 . Suppose that there is ν ∈ F 4 such that v 1 + u = ν(v 1 + µ u). This is equivalent to ν = 1 and µ ν = 1, which cannot be simultaneously fulfilled. Therefore, we obtain that v 1 + u / ∈ C 1 . Suppose now that there is ν ∈ F 4 such that v 1 + u = ν(v 1 + µ 2 u). This is equivalent to ν = 1 and µ 2 ν = 1, which cannot be both verified. Therefore, we obtain that v 1 + u / ∈ D 1 . We proved (7). Therefore
We proved that the subgroups C 1 , D 1 , E 1 are
or permuted. We have u ∈ {v 2 , µ v 2 , µ 2 v 2 } and for these three values, the subgroups (8) become
i.e. the subgroups of Eq. (5), or permuted. 6, (a) ).
Theorem 4.11. Suppose that A 1 , B 1 , C 1 , D 1 , and E 1 are extraordinary subgroups, which contain four elements, such that F 4 ×F 4 = A 1 ∪B 1 ∪C 1 ∪D 1 ∪E 1 and X ∩Y = {0} for all X and Y two sets from A 1 , B 1 , C 1 , D 1 , E 1 with X = Y . By using Lemma 4.8 we know that at least one of the five subgroups has the form F 4 v 1 . Let us denote A 1 = F 4 v 1 and assume that X = F 4 w for X from B 1 , C 1 , D 1 , E 1 for any w ∈ F 4 × F 4 . Consider v 2 ∈ F 4 × F 4 such that |v 1 v 2 | = 1 (there is such v 2 according to Corollary 4.5). Then, the other four extraordinary subgroups have the form:
Proof. The condition |v 1 v 2 | = 1 leads to v 2 / ∈ F 4 v 1 = A 1 . Let us consider that v 2 ∈ B 1 . We know that the extraordinary subgroup B 1 = F 4 v 2 , therefore according to Proposition 4.7, B 1 is of type (ii):
, where λ ∈ {0, µ}. If λ = 0, then B 1 = Z 2 v 2 + Z 2 v 1 , which cannot be fulfilled because v 1 ∈ A 1 . This leads to the fact that λ = µ and further
, we may consider that µ v 2 ∈ C 1 . We have |µ v 2 µ 2 v 1 | = 1. From Proposition 4.7 we know that the extraordinary subgroup C 1 has the expression
, where we used that C 1 = F 4 w and that λ = 0 (the same argumentation as above in the case B 1 ).
We have that µ 2 v 2 / ∈ A 1 ∪ B 1 ∪ C 1 and we take µ 2 v 2 ∈ D 1 . We get |µ 2 v 2 µ v 1 | = 1. We apply Proposition 4.7 with v = µ 2 v 2 and w = µ v 1 and obtain
The case λ = 0 in Proposition 4.7, case (ii) is not allowed, as we already discussed above for B 1 : the same idea. There are three nonzero elements which are not included in A 1 ∪B 1 ∪C 1 ∪D 1 . We will denote by E 1 this subgroup: Theorem 4.13. We have an equality of the following kind:
and only if one of the two cases below holds
Proof. The condition that the whole space F 4 × F 4 is written as a union of five extraordinary subgroups, such that the intersection of any two such subgroups is the element zero, leads to the conclusion that at least one of the five subgroups has the form F 4 u due to Lemma 4.8. We will denote this extraordinary subgroup as
If only one of the five extraordinary subgroups has the form F 4 u, then according to Theorem 4.11, the other four subgroups have the expression presented by Theorem 4.11, i.e. Type II). Otherwise, if there are two extraordinary subgroups of the form F 4 u, let denote them as A 1 = F 4 v 1 and B 1 = F 4 v 2 , then the other three subgroups C 1 , D 1 , E 1 have the structure given by Theorem 4.9, i.e. we obtain Type I).
Examples of mutually orthogonal extraordinary supersquares of order 4
We use Theorem 4.13 for giving two examples of complete set of mutually orthogonal extraordinary supersquares of order 4. Type I: Let us consider v 1 = (1, µ 2 ) and v 2 = (0, µ). The complete set of mutually orthogonal extraordinary supersquares of order 4 which is generated is presented in Fig. 5 . Type I mutually orthogonal extraordinary supersquares contain the complete set d − 1 = 3 Latin orthogonal supersquares of order 4. In addition, there is the rowLatin square characterized by the same permutation in all rows and the column-Latin square characterized by the same permutation in all columns. For obtaining an example of Type II, we take v 1 = (1, µ 2 ) and v 2 = (1, µ). The complete set of mutually orthogonal extraordinary supersquares of order 4 generated is presented in Fig. 6 . The supersquare a), whose generating subgroup is F 4 v 1 , is Latin. 
Conclusions
In this paper we introduced the concept of supersquare of order d. The main result presented here is the algorithm of construction of mutually orthogonal supersquares of order d and the generation of all the complete sets of mutually orthogonal extraordinary supersquares of order 4.
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A Proof of Proposition 4.7
2 we obtain K = Z 2 , with K given by (4) . There are two possible cases:
(ii) We have now that
From the condition |v w| = 1, we obtain that {v, w} is a basis in F 4 ×F 4 . Let us writeṽ asṽ = λv + ρw, where λ, ρ ∈ F 4 . Since G is an extraordinary subgroup, one has |vṽ| ∈ Z 2 ;ṽ / ∈ F 4 v⇒ {v,ṽ} is a basis in F 4 × F 4 , therefore |vṽ| = 0; one obtains |vṽ| = 1. We compute |vṽ| = λ|v v| + ρ|v w| = ρ. This means ρ = 1, i.e. v = w + λv.
Further we apply Lemma 4.6 (b), where we replace v 1 by v and v 2 byṽ and obtain G ⊆ Z 2 v + Z 2ṽ . This is actually an equality, since the number of elements of both sets is four: G = Z 2 v + Z 2 (w + λv), with λ ∈ F 4 = {0, 1, µ, µ 2 }. One can easily check that it is sufficient to choose λ ∈ {0, µ}.
"⇐" (i) If G = F 4 v, then from Lemma 2, a) we obtain that G is an extraordinary subgroup.
(ii) Suppose G = Z 2 v + Z 2 (w + λv). Let g 1 , g 2 ∈ G. Hence ∃ q 1 , q 2 ∈ Z 2 such that g 1 = q 1 v + q 2 (w + λv) and ∃ q 3 , q 4 ∈ Z 2 such that g 2 = q 3 v + q 4 (w + λv). Then |g 1 g 2 | = q 1 q 4 + q 2 q 3 ∈ Z 2 = K, i.e. G is extraordinary.
B Proof of Lemma 4.8
Assume that none of the five subgroups A 1 , B 1 , C 1 , D 1 , and E 1 has the expression F 4 u. Consider v 1 ∈ A 1 such that v 1 = 0. Let w 1 ∈ F 4 × F 4 such that |v 1 w 1 | = 1. Then, according to Proposition 4.7, ∃ λ 1 ∈ {0, µ} such that A 1 = Z 2 v 1 +Z 2 (w 1 +λ 1 v 1 ). With the notation v 2 = w 1 + λ 1 v 1 , we obtain |v 1 v 2 | = 1, which means that {v 1 , v 2 } is a basis in F 4 × F 4 . We get A 1 = Z 2 v 1 + Z 2 v 2 .
Let us define now v := v 1 + µ v 2 . It is obvious that v / ∈ A 1 . Suppose that v ∈ B 1 . With the notation w = µ 2 v 1 we have |v w| = 1. By applying Proposition 4.7, we obtain B 1 = Z 2 v + Z 2 (w + λv) = Z 2 (v 1 + µv 2 ) + Z 2 [µ 2 v 1 + λ(v 1 + µv 2 )], where λ ∈ {0, µ}. Further we will prove that the case λ = µ is not possible. If λ = µ, one obtains v 1 + µ v 2 + v 1 + µ 2 v 2 = v 2 ∈ B 1 . But we already know that v 2 ∈ A 1 , which leads to v 2 ∈ A 1 ∩ B 1 , which is not true. Therefore, we get λ = 0 and the expression of B 1 is B 1 = Z 2 (v 1 + µ v 2 ) + Z 2 µ 2 v 1 . Let us define furtherṽ := v 2 + µ v 1 . It is obvious thatṽ / ∈ A 1 ∪ B 1 . Assume that v ∈ C 1 . Forw = µ 2 v 2 we obtain |ṽw| = 1. With the help of Proposition 4.7 we write C 1 = Z 2ṽ + Z 2 (w +λṽ), whereλ ∈ {0, µ}. We will prove that neitherλ = 0, neither λ = µ are allowed. Ifλ = µ, one obtains v 2 + µ v 1 + v 2 + µ 2 v 1 = v 1 ∈ C 1 . But we already know that v 1 ∈ A 1 , which leads to v 1 ∈ A 1 ∩ C 1 , which is not true. The other possibility isλ = 0, which leads to C 1 = Z 2 (v 2 + µ v 1 ) + Z 2 µ 2 v 2 . One can readily check that µ v 1 + µ v 2 ∈ B 1 ∩ C 1 , which is not possible since the unique common element of B 1 and C 1 is zero. This leads to the fact that our assumption that none of the five subgroups A 1 , B 1 , C 1 , D 1 , and E 1 has the expression F 4 u is wrong.
